The entropic sampling Monte Carlo method within Wang-Landau algorithm is applied to investigate properties of a lattice model of strongly charged flexible 3-arm star-shaped polyelectrolyte. The density of states is calculated, from which the canonical properties of the system in a wide temperature range are obtained by simple integration. The effects of the arm length and the short-range monomer-monomer potential on the thermal and structural properties of star polyions are studied. We calculate such characteristics as mean square radius of gyration and its components, the radius vector of the center of mass, components of the tensor of inertia and parameters characterizing the shape of the polyion. In this work, we focus on how these characteristics are influenced by the change of the reduced temperature which, within the considered model, is a parameter combining the effect of real temperature, linear charge density and solvent dielectric permittivity. The coil-globule transition is observed in most of the considered cases, and for the polyions with the longest length of arms (24), the transition from a liquid globule to a solid-like state is observed. Comparison of polyelectrolyte models with neutral ones is given.
Introduction
Recently, polyelectrolytes having star-like architecture have attracted significant attention being actively investigated by using both experimental [1] [2] [3] [4] and theoretical [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] methods. These macromolecules are widely used in various fields of nanotechnology, for example as a template for the synthesis of nanoparticles [15] or as emitting devices [16] [17] [18] . Charged macromolecules easily interact through electrostatic forces with negatively charged DNA, forming stable complexes for further transporting it into a living cell. They may also be used in another area of biomedicine, particularly in diagnostics and tissue engineering, as antibacterial substances and implant materials [19] . So the investigation of such macromolecules is certainly an important issue.
Star polymers are the simplest among the branched ones. It is known that they are qualitatively different from their linear analogs: the increase of branching leads to an increase in the average concentration of monomers within the macromolecule [20] [21] [22] . Therefore, the volume effects for branched polymers are more significant than in the case of linear chains. The properties of stars with a small number of arms are close to those of linear polymers. With an increasing number of arms, the molecule approaches a spherical shape, and its properties become closer to those of nanoparticles. While uncharged models have been sufficiently studied, there is still a lack of understanding in the area of polyelectrolytes. There are at least two specific features of charged polymers in comparison with uncharged ones. First, electrostatic interactions are long-ranged, and secondly, the presence of counterions provides osmotic pressure.
Experiments deal mainly with the polydisperse systems with no clearly defined architecture; from these data, it is difficult to obtain the information on the microscopic state of the macromolecules. Analytical description of star shaped polymers is made difficult by their complex architecture, and is often based on simplifying assumptions; e.g. there exist quasi-planar and nonlocal theories [11] based on the assumption that all the ends of arms are fixed on a certain outer surface. Therefore, in this case, computer simulation methods such as molecular dynamics (MD) or Monte Carlo (MC) appear to be very helpful [5] [6] [7] [8] [9] [10] .
Investigation of equilibrium conformational properties of polyelectrolytes by standard Monte Carlo or molecular dynamics methods may suffer ergodicity problems due to steric hindrance for a polymer chain to cross another polymer chain. This makes achieving of equilibrium canonical distribution more difficult; evidently for star polymers the problem becomes more severe with increasing the number of arms. In previous works, we have shown that the entropic sampling Monte Carlo method [23] [24] [25] , modified for polymer simulations [26, 27] , provides the possibility to investigate conformational and thermodynamic properties of neutral polymers [26] , polyelectrolyte chains [27] and uncharged star-shaped polymers [28, 29] in a wide temperature range.
The major aim of our study is to use this advanced sampling method to explore equilibrium properties of the star-branched polyelecrolyte over a wide possible range of temperatures within a simple lattice model [26, 27] , and obtain insight how the length of arms, the monomer-monomer interactions in the polyion and the concentration of the whole system determine its thermal and structural properties. An additional advantage of the used approach is that it provides a means for obtaining results over a wide range of temperatures, including the area of possible structural transitions in a single computer run. Our independent data could be compared with the existing results of other authors obtained using different approaches [9, 11, 22, 30] .
The outline of the paper is as follows: description of the model and of the used method is given in sections 2. Section 3 presents the results of research and discussion for two sets of data: a polyion with various length of arms and a polyion with various short-range monomer-monomer interactions. The conclusions are presented in the last, fourth, section.
Model and Method
Though lattice models were introduced some time ago, they still have not lost their relevance [31] [32] [33] [34] [35] . On the one hand, simple models allow us to run simulations quickly and efficiently, on the other hand absence of chemical details gives possibility to get insight into underlying physical background of the studied phenomena. In this study the model of flexible star shaped polyion on a simple cubic lattice with the lattice constant a = 1 is considered. This model was originally proposed in paper [36] and later used in work [27] to study the equilibrium behavior of a polyelectrolyte chain. In our case, the star shaped polyion (for convenience, we shall call it simply a "star") is located in a cubic cell of the size d with periodic boundary conditions imposed. The regular star consists of f arms, each of which includes N arm monomers; here, we limit ourselves by the cases of f = 3. The monomers are located at the lattice sites and are connected to each other in a proper way by rigid bonds of a unit length. The total number of monomers per polyion is N = f N arm + 1, i. e. the arms' monomers plus the central monomer connecting all the arms and fixed in the center of the periodic cell. We limit ourselves to cases when each monomer carries unchangeable (quenched) unit charge; although, if necessary, the simulation of a partially ionized molecule is also possible. In order to maintain electroneutrality in the cell, N ions (counterions), carrying unit charges of the opposite sign are also present and they can move freely within the cell. The counterions are located on sites of the lattice shifted by the vector (0.5, 0.5, 0.5) relative to the lattice of the polyion location. This excludes overlaps of counterions with the polyion and hence makes the MC procedure more efficient. It should also be noted that the minimal distance of a counterion and a monomer is √ 3/2 = 0.866 while the minimal distance for monomer-monomer and counterion-counterion is 1.
The volume interactions are taken into account while modeling of the polyelectrolyte by forbidding any two monomer units, or any two ions to occupy the same lattice site. However, during the simulation, we allow the star's monomers to overlap with each other (phantom random walks [37] ), as well as overlaps of the mobile counterions, in order to improve sampling. This way, the system achieves compact conformations with extremely low probabilities but still contributing to the canonical averages at low temperatures, due to low energy of these conformations. The overlapping conformations are then excluded from the canonical averaging to obtain the correct statistics for the conformations without overlaps (intersections), according to the procedure described below.
Monomers of the polyion and counterions interact through Coulomb potential U (r ij ) = q i q j /r ij , where q i and q j are charges and r ij the distances between them. Thus, the energy of the entire system consists of three components: repulsion between the monomers of the polyion, repulsion between the counterions and attraction between monomers and counterions. All distances are measured in the lattice constant units a, the energy is expressed in units of E 0 = e 2 /( a), the temperature is in units of e 2 /( ak B ) where e is the elementary charge, is the dielectric constant of the solution, k B is Boltzmann constant. So for the temperature in our units we have:
where T K is temperature in Kelvins. Let us determine the typical temperature range for aqueous solutions of a real polyelectrolyte system. If the lattice constant is taken equal to the distance between charged groups on the polyelectrolyte chain (for example, 2.8Å for polyacrylic acid), dielectric constant for water is = 80, the temperature T K = 293 K would yield T = 0.39. Actually, of water decreases with temperature so that product T K shows a weak decrease with temperature also, that is why the increase of real temperature T K in aqueous solution leads to some decrease of the reduced temperature T . The dielectric permittivity can be also changed by addition of other organic solvents, and the polyelectrolyte linear charge density can be changed by pH of the solution. To summarize, the reduced temperature T of our model is a parameter expressing the collective effect of the polyion charge density, real temperature and properties of the solvent, with typical values 0.3-0.7 for strong polyelectrolytes and with higher values for weaker polyelectrolytes.
In order to present a complete picture of behavior for our model system we are going to obtain dependencies over a much broader temperature range so that we can see how our data are tending to athermal limits. Though not all the temperature range in which the results would be obtained and presented further is achievable in a real laboratory experiment. In order to take into account the long-range electrostatic interactions in presence of periodic boundary conditions the minimal image convention was used in calculating them. It was shown in [27] that it gives for our model the same result as the Ewald summation [38] over a wide range of parameters.
The quality of the solvent, defined by the parameter χ =ž∆w 12 /k B T , [39] , wherež is the number of nearest neighbors in the model, ∆w 12 is the change of energy in the formation of a contact polymer-solvent in the solution, such interaction also is straightforwardly included into our model (See part 3.2). It is modeled by assigning the energy u 0 to pairs of unbound monomers occupying neighboring lattice sites, u 0 = −∆w 12 . The zero value of u 0 corresponds to conditions of a good solvent (See part 3.1). The smaller the parameter u 0 , values correspond to lower solvent qualities χ (χ also depends on the temperature).
The method that we used here is the entropic sampling (ES) method [23, 24] within Wang-Landau (WL) algorithm [25] initially applied to polymers in our simulation group [26] and successfully used later by us [27-29, 34, 37, 40, 41] and by other researchs [30, 33, [42] [43] [44] [45] for studying different polymer systems. In the ES-WL computer experiment the density of states g(E) is calculated just as it was done in [27] (see [27] for details). The density of states obtained by this procedure allows us to calculate the canonical averages of physical characteristics over a wide temperature range with the aid of simple summation:
where F i is the calculated average of the corresponding physical quantity at conditions corresponding to the i-th energy interval, which is also determined within the simulation. The summation is over the whole energy range (divided into M intervals) that corresponds to conformations of the system without intersections. As the quantity F it can be taken: the configuration energy, the square of the radius of gyration and its components, the modulus of the radius vector of the center of mass, the components of the tensor of inertia. It is worth noting here that at T → ∞ equation (2) gives the results for the athermal case taking into account the excluded volume interactions of the monomers (a non-charged polymer in a good solvent). The heat capacity is calculated by the following relationship:
In order to ensure the correct work of the program, we have run it first for linear chains (star with two arms) with the number of monomers N = 11, 31, 51, 81 in the same way as it has been done in the previous paper [27] . The size of the cell was chosen so that the concentration c was constant, d = 30, 42, 50, 58 respectively. In this case the chain is attached by the center monomer at the center of the periodic cell, and cannot move freely as in [27] . In the presence of periodic boundary conditions, this distinction should not affect the final result. The obtained test data are consistent with the data of work [27] , which means that the program can be used for subsequent calculations.
Next, we investigated how the concentration of the solution affected the properties of the studied system with its other parameters being kept constant. We consider the stars with three arms of the length N arm = 10 and change the concentration by the corresponding variation of the periodic cell size d in the range (16, 50) which corresponds to concentrations c ∈ [7.57 · 10 −3 , 2.48 · 10 −4 ] respectively (see [46] ). Thus, it is possible to confirm the assertion that increasing the concentration of the solution results in a decrease in the swelling of the polyelectrolyte star [22] . The change of concentration in the studied range does not lead to qualitative changes in the thermal and structural properties of the investigated system.
Results

The effect of the length of arms
In order to study how the properties of 3-arm polyelectrolyte star depend on the length of arms we consider the samples with the following length of arms: N arm = 10, 15, 19, 24; respectively the total number of monomers is N = 31, 46, 58, 73. The size of the cell was selected so that the polymer concentration remains approximately the same for all the considered cases and its value is c ≈ 4.2 · 10 −4 . The corresponding sizes of the cells are d = 42, 48, 52, 56. Short-range monomer-monomer interactions are not included. Figure 1 shows the logarithm of the density of states function for conformations of stars with various N arm . One can see that with an increase in the length of arms the maximum of the distribution shifts to higher energies, and the range of possible energies expands. The lowest energy corresponds to the conformation of a dense globule with built-in counterions; at increasing energy, the counterions leave the star polyion which is transferred to a swollen state; at a positive energy the star loses the counterions completely. At highly-positive energies, very compact conformations without counterions are observed, which do not contribute significantly to the canonical averaging. Average configuration energy of stars (Fig. 2a) increases monotonously with increasing temperature. The same way as in the case of chains [27] , there exists a point at which the graphs intersect, i.e. it is the temperature at which the energy does not depend on the number of monomers in the star. A similar behavior was observed for uncharged stars [41] with a contact negative interaction potential between monomers. It should especially be noted here that while for ordinary electrolyte solutions the equilibrium configurational energy is always negative with the limiting value being zero for T → ∞, in the case of polyelectrolyte containing a polyion with rigid bonds the energy can become positive with an increase in temperature. This is because polymer bonds cannot dissociate and the energy of polyion-polyion interaction remains positive while polyion-ion and ion-ion interaction energies tend to zero, the case that we observe in our data.
Each dependency (Fig. 2b) has a broad non-smooth maximum for the heat capacity, which indicates a coilglobule transition. With an increase in the arm length, an additional maximum is observed at low temperatures, and in the case of the star with N arm = 24 a sharp peak emerges. Similar peaks for long chain polyelectrolytes (N > 50) were observed by Volkov et. al. [27] . An analogous result was obtained in [30] , where the bondfluctuation lattice model for the uncharged star polymer was studied; the authors attributed this peak to a liquid → crystal-like state transition. Also, with an increase of the N arm , some small rippling on the curves appears, that could be apparently associated with the specific features of the lattice model or with discrete splitting of the energy range into intervals, and, we believe, they do not carry much physical sense.
Let us watch now the structural properties starting with the square of the radius of gyration: (Fig. 3a) : a single maximum in the vicinity of T ≈ 1.2 (varies for different N arm ). Its value increases with increasing N arm , and its position is slightly shifted to higher temperatures. In this range the polymer is in a swollen state, its size is several times larger than the size of the ideal polymer. It is worth noting here that for the uncharged model of a star (with a negative interaction potential) [28, 29] the dependence of R 2 g (T ) has a simple monotonic rise (Fig. 3b) . So the maximum observed in the case of polyelectrolyte is caused by the presence of electrostatic interactions. At low temperatures (T < 0.1) the star polyion is in a compact state with built-in counterions, and its size is determined only by the total number of segments.
At high temperatures, when k B T is considerably higher than the energy of electrostatic interaction the effect of the latter is insignificant. This is the area of so-called athermal solvent in terms of Flory theory (Flory-Huggins parameter χ = 0) [39] . The values of athermal limits (T → ∞) for R 2 g (T ) dependence (dashes in Fig. 3a) can be approximated as R 2 g (T ) ∝ N 1.21 , that coincides with scaling predictions from analytical theories [12, 20] for an uncharged star in a good solvent.
All the components of the inertia tensor were also obtained at each step and its matrix was reduced to a diagonal form to extract three main components. The averaged reduced components of the inertia tensor I x < I y < I z are shown in Fig. 3c . It is evident that in the entire considered temperature range the components have different values and by rotational properties each star can be described as a three-axial ellipsoid elongated along one axis (cucumber).
In order to characterize the shape in more detail, the components of the mean square radius of gyration were also calculated (Stockmayer [47, 48] 
. Firstly all the components of the tensor were calculated:
where R cl and R ck are the l-th and k-th coordinates of the center of mass vector. Then the matrix of the tensor was reduced to a diagonal form and three components were determined. Knowledge of the three components provides possibility to determine the parameter that allows us to distinguish the oblate shape from the elongated one ( Fig. 4a) :
Here, the reduced components emerge
g . Parameter S * varies in the range [−0.25, 2], and can be both negative (oblate shape) and positive (prolate shape) [32] . At T ≈ 1.2 the star is in a swollen state, its shape is close to spherical (S * ≈ 0, Fig. 4a ), and its conformation is asymmetric relative to its center (maximum R c (T ) Fig. 4b ). At T → 0 the size of the star decreases, the conformation becomes symmetric relative to the center (decreasing R c (T ) ).
The analytical theory for the salt-free dilute solution of star-shaped electrolyte was proposed in [22] . It gives the scaling relations that allow us to estimate the size of the stars R for separate regimes. The first is the unscreened regime, which is achieved if Q R/l B , where Q is the total charge of the star, l B = e 2 / k B T is the Bjerrum length. In this case the star size is determined by the following relationship [22] :
where 1/m is the part of ionized monomers. In our case, the polymer is completely ionized, and m = 1. In this regime counterions surround the star and there is a dependence of the star size on the number of arms. The second regime is osmotic, which is achieved when Q R/l B . In this case the star captures and holds the counterions from the solution. Its size does not depend on the number of arms and is determined by the relation:
If we consider the results of this theory in the framework of our model, we obtain the following. In the units of our model l B = 1/T , and the first regime is reached when RT Q, i. e. at high temperatures, and
. This regime corresponds to the decreasing dependence of R 2 g (T ) (Fig. 3a) . The osmotic regime is achieved when RT Q is provided. We can qualitatively compare our results with work [9] , where the classical MC simulation is carried out for star-branched micelles with N arm = 130 and with the number of arms 6 and 27 in some range of temperatures. There, the dependence of R g /N arm on the parameter ζ is presented; ζ corresponds to 1/T in the units of our model. R g /N arm (ζ) dependence is not monotonic and has a maximum in the area around ζ = 1 similar to our case (see R 2 g (T ) and its maximum in Fig. 3a) . Each R 2 g (T ) dependence has a single broad maximum in the vicinity of T ≈ 1.2, the height of the maximum is determined by the length of arms in a star. The unscreened regime is observed at T 1 (ζ 1). With a decrease in temperature, when the Coulomb energy of counterions in the field, created by the corona radius [9] becomes of the order of k B T , the regime of spherical condensation is achieved. It is performed at ζ sph ≈ 1/f , i.e. T sph ≈ f . When all counterions are inside the star, the osmotic regime is observed [22] , in [9] it occurs at ζ 1/f . In our case the number of arms is small and osmotic regime is observed around the maximum of R 2 g (T ), it becomes broader with increasing f. We analyzed R 2 g values (Fig. 3a) in the area of 1 < T < 1.38, and obtained that R When the Manning criterion of cylindrical condensation [49] is satisfied, i.e. ζ > 1 or T < 1 the counterion condensation around each arm of the star begins. In this regime, the condensed counterions partly compensate the charge of the star polyion, and the effective charge fraction of the star becomes α eff = T . So the size of the star at the same time is decreased, see Fig. 3a . With further decreasing of temperature the transition of polyion into the collapsed state that was predicted by Schissel and Pincus [50] for strongly charged chains is observed. We can see this state at T < 0.1, Fig. 3a . When the collapse energy dominates over the entropic contribution, each counterion is attached to a monomer and forms an electric dipole [9, 50, 51] . The attraction of the dipoles leads to a transition to a collapsed state. It can be noted here that in [9] , the collapsed state is not achieved probably due to the consideration of a limited temperature range.
Thus, we can conclude that for star and linear polyions within the above considered model at the increasing the number of monomers there appears a transition from a liquid to a solid-like state in addition to the coil-globule transition. It is shown how strongly the polyelectrolyte star swells compared to the uncharged polymer.
The effect of the short-range interactions
In this series of simulations, we investigate how the short-range (contact) interactions influence the star polyion properties. We consider a 3-arm star with N arm = 10 in the cell of size d = 42, that corresponds the concentration c ≈ 4.2 · 10 −4 . The contact attraction of unbound monomers, located at a distance of the lattice constant are determined by the energy u 0 < 0, that is varied in the range [-3; 0] . Note that the smaller is the parameter u 0 is, the worse is the quality of the solvent χ.
The logarithm of the density of states as a function of energy is presented in Fig. 5 . One can see that with decreasing of the parameter u 0 values, the range of possible energies significantly expands to the negative E-side, which is to be expected. The maximum of C(T ) dependence (Fig. 6b ) becomes sharper and noticeably shifts to the right at T axis with lowering of the parameter u 0 . One can see that the addition of the short-range attractive potential results in easier transition to the globule state, and this transition becomes not as smooth as in the case of u 0 = 0. The R 2 g (T ) dependence is presented in Fig. 7a ; we can notice that the addition of the short-range attractive potential results in decreasing of the polyelectrolyte swelling. The coil-globule transition now occurs at higher temperatures. The maximum of R 2 g (T ) is shifted to the higher temperature region. At low T the values of R 2 g (T ) for u 0 = 0 tends to the common limit that is slightly lower than for the case of u 0 = 0. This slight difference could be caused by insufficient statistics for the low-energy conformations that was discarded at averaging. We suppose that the size of the globule must be independent of u 0 .
We consider the shape of the star using the asphericity parameter:
Here, the reduced components are the same as in the equation (6) . The asphericity parameter varies from zero (absolute symmetry, sphere) to one (form of a rigid rod). δ(T ) and S * (T ) dependencies are presented in Fig. 7b ,c. Before the transition to the globule state the shape of the star polyion becomes elongated that we can conclude from observing the maxima of δ(T ) and S * (T ). These maxima become significantly sharper with decreasing u 0 values.
It was shown how the addition of the short-range attraction potential affects the size and shape of a 3-arm star polyion. It was confirmed that the short-range attraction potential results in easier transition from a coil to a globule state. The greater the attraction, the stronger the asymmetric shape of the molecule is before transition into a globular state.
Conclusion
In this work, the entropic sampling Monte Carlo method is applied to study the lattice model of the 3-arm starshaped polyelectrolyte with constant (quenched) charges and with short-range attractive interaction of the monomers in a salt-free solution. The applied approach allows us to trace the equilibrium state of the considered system over a wide temperature range, including athermal, unscreened, osmotic, Mannings condensation and collapsed regimes.
Two sets of calculations were performed. In the first set, the length of arms was modified at fixed overall density of the system. For comparatively short arms the temperature decrease results in the transition of the coil-globule type while with increasing the arm lengths there appears an additional transition from a liquid-like to a solid-like state. We can see that for the polyelectrolyte the R In the second set of simulations, the short-range monomer-monomer interactions that characterize the solvent quality are included. It is shown that short-range monomer-monomer attraction results in an easier transition from a coil to a globule state and with a more elongated molecule shape before transition into a globular state.
In this work, we have studied systems with comparatively small number of monomers N < 73 that can be considered as a starting point for further work. It can include increasing the number of arms, their length, as well as considering the system with the addition of salt ions of different valence. It should be pointed out here that the studied case without added salt is perhaps more difficult for simulations because the salt ions create additional screening of electrostatic interactions, and at high concentrations, the properties of charged macromolecules approach the properties of the neutral ones [13, 22] . Change of the charge fraction on the polyion (which models change of solvent pH) can also be envisioned.
Considering continuous models and combining the method applied here with other approaches (MD, expanded ensemble MC, etc.) could be used as well. The algorithm can be straightforwardly parallelized with the use of multiwalker sampling which would allow us to use the method for substantially larger systems. Particularly, it would permit increasing the length of star arms and their number. This way, further study would seemingly yield new interesting results in the area of branched polyelectrolytes. 
